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1 Introduction
In exploring the space of string compactications it is practical to consider a boundary of
the moduli space where volume moduli have become very large, and supergravity is the
correct low-energy theory governing the light modes. However, many interesting string
vacua, that populate the interior of the moduli space, cannot be analyzed in this way.
In particular, this restriction precludes the study of truly stringy geometries, where the
large symmetry group of string theory is expected to modify the notion of Riemannian
geometry. Examples of such compactications are constructed by modifying the familiar
semi-at SYZ brations of Calabi-Yau manifolds [1], allowing the torus ber to undergo
monodromies in the full U-duality group. The resulting spaces are usually referred to as
T-folds [2{4] (when the monodromies are restricted to the T-duality group) or U-folds [5{7].
In order to determine if such spaces are good string backgrounds one needs to have
control on the corrections to the supergravity approximation and to have a microscopic
description of the defects where the semi-at approximation breaks down. These are non-
geometric defects that induce a monodromy in the duality group [8, 9]. A way to deal with
the rst problem is to use string dualities in order relate the T-duality group with the group
of large dieomorphisms of a manifold that is part of a known string compactication, in
the spirit of F-theory [10]. This can be done, for example, for T-folds in the heterotic
strings [11{13]. The duality map can then be used to compute the low energy dynamics
on the T-duality defects [14, 15].
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So far, the only known examples of such non-geometric brations are six-dimensional
and involve a stringy modication of T 2 bered K3 surfaces, with the exception of asym-
metric orbifold points in the moduli space of T 3 bered T-folds [4].
In this note we consider an explicit globally well dened example of a T-fold that
admits a T 3 bration, by realizing a subset of the T-duality group O(3; 3;Z) as the group
of large dieomorphisms of a T 4. We use known families of T 4 bered Calabi-Yau manifolds
to construct a family of such T-folds. In the geometric picture, the local defects are simply
Taub-NUT spaces, and get dualized to non-geometric defects that are T-dual to NS5 branes.
Such T-duality cannot be extended globally because of topological twists in the global
bration. We also use the above mentioned map to construct a geometric description of
the non-geometric T 2 brations of [2]. In order to get to such a geometric model one
needs to add an extra circle, which is related by duality to the M-theory circle [4]. We
will also argue that the local physics on non-geometric defects cannot be fully captured by
such geometric constructions, and involve stringy physics related to the sector of strings
winding cycles in the ber.
While we will restrict to the case of a two-dimensional base, we have in mind extensions
of these models to the interesting case of T 3 brations over a three-dimensional base. In
appendix B we briey discuss an attempt in this direction.
2 Monodromy and duality group
A useful way to construct candidate non-geometric string compactications is to use an
adiabatic bration of a CFT on a torus T d over a base B. Any two theories related by
a T-duality transformation of the ber in Gd = O(d; d;Z) are gauge equivalent (see for
example [16] for a review on T-duality), and hence it should be possible to allow for large
gauge transformations in Gd. Generically these involve a non-trivial action on the ber
volume, and so the total space is a non-geometric T-fold. The notion of a T-fold is not
rigorous in general, but we will give a precise construction in special cases, restricting
ourselves to T 3 bundles. Following [9], we will dene T-folds with base manifold a circle
and then extend this denition to spheres with n punctures.
2.1 Mapping tori for G3
The simplest examples of T-folds X with T 3 bers can be constructed by modifying the
mapping torus for the mapping class group SL(3;Z). Let us consider a T 3 bration over
the closed interval [0; 1] and making an identication as follows:
X = T
3  [0; 1]
(x; 0)  ((x); 1) : (2.1)
We refer to  2 SL(3;Z) as the monodromy of the bration. It acts on H1(T 3;Z) in
the obvious way. Depending on the conjugacy class of the monodromy, the total space
X can acquire the structure of a nil- or a sol-manifold (see for example [17]). We pick a
Riemannian metric on the total space with line element
ds2 = d2 +Gab()dx
adxb ; a; b = 1; 2; 3 : (2.2)
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One readily shows that the (smooth) metric satises
TG(0) = G(1) ; (2.3)
where we further restrict ourselves to monodromies  2 SL(3;Z)\exp (sl(3;R)). One then
choses a smooth family of metrics G() on the T 3 bers as follows:
G() = exp ( log ) G(0)  [exp ( log )]T G(0) [exp ( log )] : (2.4)
We dene a T-fold by generalizing this construction to monodromies in the T-duality group
G3 = O(3; 3;Z). In order to make sense of the denition of X we specify a metric G and
a two-form B-eld on the total space by dening them on each T 3 ber over the interval.
i.e. we obtain a family of metrics and two-forms on the bers G(), B(),  2 [0; 1]. We
restrict  2 O(3; 3;Z) \ exp (o(3; 3;R)) and we dene the T-duality action in terms of the
background matrix E() = G() +B():
E() = exp ( log )  E(0)  X()E(0) + Y ()
Z()E(0) +W ()
; (2.5)
where
exp ( log ) =
 
X() Y ()
Z() W ()
!
: (2.6)
Note that the image of the exponential map exp : o(3; 3;R) ! O(3; 3;R) is contained in
the subgroup SO(3; 3;R)+. Recall that SO(3; 3;Z) is generated by the following type of
transformations:
 Large dieomorphisms. These are elements of the form 
(R 1)T 0
0 R
!
; R 2 GL(3;Z): (2.7)
These act on E by conjugation.
 B-shifts and  transformations. B-shifts are of the form 
E3 
0 E3
!
; T =  ; (2.8)
and are just gauge transformations for the B-eld, Bij 7! Bij + ij . -transformations
on the other hand are transpositions of shifts 
E3 0
! E3
!
; !T =  !; (2.9)
and they mix the metric and B-eld.
 Factorized dualities. These are of the form 
E3   Eii Eii
Eii E3   Eii
!
(2.10)
where Eii is an elementary matrix, i.e. it has entries (Eii)kl = ikil.
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Note that for shifts and geometric monodromies one obtains a well-dened Riemannian
manifold X over S1 with an H ux. We will refer to X as geometric if the monodromy  is
comprised of shifts and dieomorphisms. Otherwise we call X non-geometric. We will not
consider factorized duality as possible monodromies. For T 2 bered T-folds, these were
recently found to have an important role in heterotic theory [13].
2.2 Examples
We give few simple examples to illustrate the above construction. Some of the monodromies
that we consider will appear as local models for the global examples we detail in the next
section. Let us consider rst the case of  2 SL(3;Z). Note that conjugation of  by another
element  can be compensated for by a basis transformation of H1(T
3;Z). This is induced
by a dieomorphism 	, with 	 =  , so the geometry of X is only determined by the
conjugacy class of . Unfortunately, unlike the case of SL(2;Z), no explicit characterization
of the conjugacy classes is known for SL(n;Z); n  3. Nonetheless, we can see that elements
of a parabolic conjugacy class give rise to spaces X which are nil-manifolds, i.e. quotient
of a nilpotent Lie group by a cocompact lattice. The simplest example arises from the
embedding of three-dimensional nil-manifolds and their duals. For instance, the following
matrices are all conjugate in SL(3;Z):
M1 =
0B@1 1 00 1 0
0 0 1
1CA ; M2 =
0B@1 1 10 1 0
0 0 1
1CA ; M3 =
0B@1 0 10 1 1
0 0 1
1CA : (2.11)
The total space X with  = M1 is equipped with the metric
ds2 = d2 + dx2 + dz2 + (dy + dx)2 (2.12)
where (x; y; z) are coordinates on the T 3 ber. We have that X = S1 M3, where M3 is
obtained as a compact quotient of the Heisenberg group. The mapping tori for the other
elements have metrics
XM2 : ds2 = d2 + dx2 + (dy + dx)2 + (dz + dx)2 ; (2.13)
XM3 : ds2 = d2 + dy2 + (dz + dx+ dy)2 :
An example of a innite order element in a distinct conjugacy class is
M4 =
0B@1 1 00 1 1
0 0 1
1CA : (2.14)
The total space X is a Nil4-manifold, whose Lie algebra is determined by the following
non-trivial commutators g = f[t; tx] = ty   tz=2; [t; ty] = tzg . The induced metric is
ds2 = d2 + dx2 + (dy + dx)2 +

1
2
(2   )dx+ dy + dz
2
: (2.15)
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One can similarly analyze nite order elements, as well as dieomorphisms which involve
an exponential action on some of the torus cycles.
One can use the above method to construct examples of non-geometric spaces X . In
this case we rather consider  as a coordinate on the unit interval. Gluing the two ends of
the resulting \mapping cylinder" only makes sense if one uses a large gauge transformation
in the string duality group. The simplest example can be found by using an element of
O(3; 3;Z) which is a -transformation. These are elements of the T-duality group of the
form (2.9). In d = 2 the only non-trivial element is ! = ia2 and it corresponds to a
monodromy for the complexied Kahler modulus  = B+ ivol of the T 2 sending ! a+1 .
In d = 3 we can parametrize the general monodromy as
M! =
 
E3 0
 ! E3
!
; ! =
0B@ 0 c  b c 0 a
b  a 0
1CA : (2.16)
This induces a line element and a B-eld
ds2 = d2 +
dx2 + dy2 + dz2
1 + (a2 + b2 + c2)2
+
(a dx+ b dy + c dz)2 2
1 + (a2 + b2 + c2) 2
; (2.17)
B =
 c dx ^ dy + b x ^ dz   a dy ^ dz
1 + (a2 + b2 + c2) 2
 :
Although we lack a proper description of this kind of non-geometric spaces X , in this case
we can obtain a geometric description by realizing the  monodromy as an element of
SL(4;Z) exploiting the accidental isomorphism SL(4;R) = Spin(3; 3;R), that we construct
explicitly in appendix A. Restricting the double cover  : SL(4;R) ! SO(3; 3;R)+ to
SL(4;Z) we obtain the preimage of M!:
  1(M!) =
0BBB@
1 0 0 0
0 1 0 0
0 0 1 0
a b c 1
1CCCA  SL(4;Z): (2.18)
We see that we have a geometric description in terms of a higher dimensional geometric
space Y which is a mapping torus for the dieomorphism   1(M!). The latter is a parabolic
element of SL(4;Z) and in fact Y is a ve-dimensional nil-manifold. In the following section
we will use this map to construct families of pairs (Ym;n;Xm;n) of T-folds X and their
geometrical counterparts Y.
3 Abelian brations and T-folds
We have seen that by realizing a class of nil- and sol-manifolds as mapping tori of a toroidal
compactications, we can obtain non-geometric modications of such manifolds by allowing
the monodromy of these mapping tori to be in the T-duality group. In this section we will
use the restriction of the double cover Spin(3; 3;R) = SL(4;R)! SO(3; 3;R)+ to SL(4;Z)
in order to describe a larger class of T-folds. These are determined by monodromy data
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that is equivalent to a T 4 bration whose total space is a Calabi-Yau three-fold. As a
byproduct of this construction we will be able to realize global models in type II string
theory that contain the T-fects of [9].
3.1 The manifolds Ym;n
We will describe a family of Calabi-Yau three-folds Ym;n that admit a T 4 bration. These
are described by a collection of SL(4;Z) monodromies that species a particular set of
degenerations of the ber. Such a description has been detailed in [18], where the mani-
folds Ym;n were constructed as the M-theory lift of type IIA orientifold backgrounds with
uxes. By interpreting the mapping class group of the T 4 ber as the T-duality group of
a T 3 compactication, we will use the family of manifolds Ym;n to construct a semi-at
approximation of T-folds Xm;n that are T 3 brations with T-duality monodromies. We
will discuss the validity of such an adiabatic argument in later sections.
Let us consider a family of spaces Ym;n obtained as T 4 brations over a punc-
tured sphere:
T 4 - Ym;n
CP1 n fp1; : : : ; pMg;
?
(3.1)
where M = 24  4mn > 0. The T 4 bers degenerate to singular bers over every point pi,
and locally around each pi, Ym;n is a Lefschetz pencil with T 4 bers. The monodromies of
each pencil are given explicitly by the following matrices in SL(4;Z):
A =
0BBB@
1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1CCCA ; B1 =
0BBB@
2 1 0 m
 1 0 0  m
n n 1 mn
0 0 0 1
1CCCA ; (3.2)
B2 =
0BBB@
2 1 0 0
 1 0 0 0
0 0 1 0
0 0 0 1
1CCCA ; B3 =
0BBB@
2 1  m 0
 1 0 m 0
0 0 1 0
n n  mn 1
1CCCA ;
B4 =
0BBB@
2 1  m m
 1 0 m  m
n n 1 mn mn
n n  mn mn+ 1
1CCCA ; C1 =
0BBB@
0 1 0  m
 1 2 0  m
n  n 1 mn
0 0 0 1
1CCCA ;
C2 =
0BBB@
0 1 0 0
 1 2 0 0
0 0 1 0
0 0 0 1
1CCCA ; C3 =
0BBB@
0 1 m 0
 1 2 m 0
0 0 1 0
n  n  mn 1
1CCCA ;
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C4 =
0BBB@
0 1 m  m
 1 2 m  m
n  n 1 mn mn
n  n  mn mn+ 1
1CCCA :
Note that we use the inverse matrices of those given in [18]. These monodromies provide
a factorization of the identity:
A16 4mnB1C1B2C2B3C3B4C4 = 1 : (3.3)
As pointed out in [18] all monodromies are conjugate in SL(4;Z) to A, which implies that
the singular ber is homeomorphic to T 2  I1, where I1 denotes the shtail singularity in
the Kodaira classication of degenerations of elliptic brations. We list the explicit change
of basis that brings B4 and C4 to this form:
A = S 1C C4SC ; SC =
0BBB@
 1 1 m  m
 1 0 0 0
n 0 1 0
n 0 0 1
1CCCA 2 SL(4;Z) ; (3.4)
A = S 1B B4SB ; SB =
0BBB@
1 1 m  m
 1 0 0 0
n 0 1 0
n 0 0 1
1CCCA 2 SL(4;Z) :
There is no global change of basis that transforms all monodromies into A simultaneously,
so that while the local structure of the bration is K3T 2, this structure is not preserved
globally. This twisting is parametrized by the integers (m;n). We point out that the real
local geometry is that of a K3  T 2, but in general the complex structure does not need
to respect this factorization.
If m = n = 0, we have instead the global factorization Y0;0 = K3T 2. In fact, in this
case we nd B1 = Bi  B, C1 = Ci  C, and there are a total of 24 degenerations. The
monodromies are just the embedding in SL(4;Z) of the standard A, B, C monodromies
(see section 4)
A16(BC)4 = (A4BC)4 : (3.5)
Here the A4BC cluster represents the components of a I0 type Kodaira singularity. A
physical interpretation is that type IIA theory on X0;0 is dual to the T 6=Z2 type IIB
orientifold (see for example [19] for a detailed discussion).
3.2 The T-folds Xm;n
We now apply the map from SL(4;Z) to SO(3; 3;Z), reviewed in appendix A, in order to
obtain a collection of monodromies in SO(3; 3;Z), which factorize the identity. This pro-
vides a global model for a T-fold over CP1, with T 3 bers. The explicit monodromies are:
A 7!W =
0BBBBB@
1 0 0 0 0 0
 1 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 0 1 0
0 0 0 0 0 1
1CCCCCA ; (3.6)
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B1 7! X1 =
0BBBBB@
0 1  n 0 mn m
 1 2  n  mn 0 m
0 0 1  m  m 0
0 0 0 2 1 0
0 0 0  1 0 0
0 0 0 n n 1
1CCCCCA ;
B2 7! X2 =
0BBBBB@
0 1 0 0 0 0
 1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 2 1 0
0 0 0  1 0 0
0 0 0 0 0 1
1CCCCCA ;
B3 7! X3 =
0BBBBB@
0 1 0 0 0 0
 1 2 0 0 0 0
m  m 1 0 0 0
0 mn n 2 1  m
 mn 0  n  1 0 m
 n n 0 0 0 1
1CCCCCA ;
B4 7! X4 =
0BBBBB@
 mn 1  n 0 mn m
 1 2 mn  n  mn 0 m
m  m 1  m  m 0
0 mn n mn+ 2 1  m
 mn 0  n  1 mn m
 n n 0 n n 1
1CCCCCA ;
C1 7! Y1 =
0BBBBB@
2 1  n 0 mn m
 1 0 n  mn 0  m
0 0 1  m m 0
0 0 0 0 1 0
0 0 0  1 2 0
0 0 0 n  n 1
1CCCCCA ;
C2 7! Y2 =
0BBBBB@
2 1 0 0 0 0
 1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0  1 2 0
0 0 0 0 0 1
1CCCCCA ;
C3 7! Y3 =
0BBBBB@
2 1 0 0 0 0
 1 0 0 0 0 0
 m  m 1 0 0 0
0 mn  n 0 1 m
 mn 0  n  1 2 m
n n 0 0 0 1
1CCCCCA ;
C4 7! Y4 =
0BBBBB@
2 mn 1  n 0 mn m
 1  mn n  mn 0  m
 m  m 1  m m 0
0 mn  n mn 1 m
 mn 0  n  1 mn+ 2 m
n n 0 n  n 1
1CCCCCA :
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Clearly, all these monodromies are conjugate to W, as they are in the image of the con-
jugacy class of A under a homomorphism. We now give a brief interpretation of the
degenerations associated with these monodromies. We rst notice that the identity
W16 4mnX1Y1X2Y2X3Y3X4Y4 = 1; (3.7)
is satised, and hence the charges of all individual defects cancel globally. Secondly, the
SO(3; 3;Z) monodromies come in pairs (Xi;Yi), which are subject to the same interpre-
tation. Having this list at our disposal it is immediate that the pair (X2; Y2) in (3.6) are
dieomorphisms. A calculation shows that both X1 and Y1 are a product of a dieomor-
phism and a shift, for instance
X1 =
0BBBBBBB@
1 0 0 0 mn m
0 1 0  mn 0 m
0 0 1  m  m 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1CCCCCCCA
0BBBBBBB@
0 1  n 0 0 0
 1 2  n 0 0 0
0 0 1 0 0 0
0 0 0 2 1 0
0 0 0  1 0 0
0 0 0 n n 1
1CCCCCCCA
: (3.8)
Similarly (X3;Y3) are compositions of a -transformation and a dieomorphism, e.g.
X3 =
0BBBBBBB@
0 1 0 0 0 0
 1 2 0 0 0 0
m  m 1 0 0 0
0 0 0 2 1  m
0 0 0  1 0 m
0 0 0 0 0 1
1CCCCCCCA
0BBBBBBB@
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 mn n 1 0 0
 mn 0  n 0 1 0
 n n 0 0 0 1
1CCCCCCCA
: (3.9)
The interpretation for (X4;Y4) is slightly more involved. From a factorization of the
corresponding SL(4;Z) monodromies we can write C4 as a product of a dieomorphism, a
B-shift, and -transformations, and similarly for X4:
Y4 = T
 1
0BBBBBBB@
1 0 0 0 mn m
0 1 0  mn 0  m
0 0 1  m m 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1CCCCCCCA
0BBBBBBB@
2 1  n 0 0 0
 1 0 n 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0  1 2 0
0 0 0 n  n 1
1CCCCCCCA
T ; (3.10)
X4 = ~T
 1
0BBBBBBB@
0 1 0 0 0 0
 1 2 0 0 0 0
m  m 1 0 0 0
0 0 0 2 1  m
0 0 0  1 0 m
0 0 0 0 0 1
1CCCCCCCA
0BBBBBBB@
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 mn n 1 0 0
 mn 0  n 0 1 0
 n n 0 0 0 1
1CCCCCCCA
~T ; (3.11)
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where
T =
0BBBBBBB@
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
 1 0 0 0 1 0
0 0 0 0 0 1
1CCCCCCCA
; ~T =
0BBBBBBB@
1 0 0 0  1 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1CCCCCCCA
: (3.12)
We thus see that while locally all the monodromies are related to a geometric transfor-
mation via an O(3; 3;Z) rotation, this is not true globally, and some of the monodromies
act as -shifts that mix volume and B-eld, as in (2.17). Hence, the collection (3.6) speci-
es a global model of a T-fold with T 3 bers. In the following, we will illustrate in some
details the particular case m = n = 1.
3.3 X1;1 and hyperelliptic brations
In this section we study in some detail the space Y1;1 and the corresponding T-fold X1;1.
The manifold Y1;1 is dened from the collection of monodromies (3.2) with m = n = 1.
There are a total of 20 defects. As pointed out in [18], this manifold has an equivalent
description in terms of the Jacobian of a genus-two bration, which provides a dierent way
of geometrizing the T-fold X1;1. A very similar construction appears for T 2-bered T-folds
of heterotic theory when a single Wilson line has non-trivial monodromies on the base. In
this situation one geometrizes the T-duality group O(2; 3;Z) as the mapping class group
of a genus-2 surface 2. The Jacobian of 2 is then related to a physical compactication
of F-theory through an adiabatic bration of heterotic/F-theory duality [12, 14]. One can
then use the general classication of degenerations of genus-2 brations [20] to collide the
20 defects of Y1;1, obtaining T-duality defects in X1;1 that are not T-dual to geometric
ones, as in [14].
We now briey outline this construction. To each Riemann surface g of genus g, one
can associate its Jacobian, which is dened to be
Jac(g) := Pic0(g); (3.13)
i.e. the subgroup of degree zero divisors. This group can be endowed with the topology of
a torus T 2g and in particular to each genus two surface 2, one can canonically associate
a Jacobian T 4.1 The procedure to construct Y1;1 is as follows. Start with a bration
2 - S
CP1 n;
?
(3.14)
where  is a nite set of points over which the bers are singular with one shrinking
cycle, i.e. nodal curves. The total space is still smooth. Now replace each 2 with its
1In fact one also has to specify a two-form ! called polarization, which will not be important for us in
the following.
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Figure 1. The Humphries generators for 2.
Jacobian. The construction of the singular Jacobians requires special care, but is feasible
(for a detailed construction for the nodal genus two curve see [21]; see also the excellent
lecture notes [22]). Its topology will be I1  T 2. One can realize S as a branched cover
of CP1  CP1, which entails choosing a section of f 2 O(6)  O(2). Here one of the
factors CP1 is the original base, the other is (branch) covered by 2 in the usual manner.
Indeed this manifold S is one of the so-called Horikawa surfaces (see for example [23]). In
order to calculate the number of singular bers we now exploit two formulae for the Euler
characteristic of the total space. One is an analog of the Riemann-Hurwitz formula for
(complex) surfaces
(S) = 2(CP1  CP1)  (B); (3.15)
where B = ff = 0g. As f has bi-degree (6; 2) we conclude (B) = 5. This yields
(S) = 2  4 + 8 = 16: (3.16)
The other formula can be derived by choosing a suitable subdivision of the bration (in
Euclidean topology):
(S) = (CP1)(2) + nsing

(^2)  (2)

: (3.17)
Here ^2 is a singular genus 2 surface with one shrinking cycle. Now (3.17) reduces to
16 = (S) = 2  ( 2) + nsing( 1  ( 2)) =  4 + nsing: (3.18)
This gives the number of singular bers of the 2 bration as nsing = 20, in agreement with
the number of T-fects of Y1;1. This also agrees with the analysis of [12, 14]. As already
mentioned, from the construction of the singular Jacobians one shows that singular bers
are of type I1T 2, as we expect from the fact that all the monodromies that dene Y1;1 are
conjugate to the matrix A in (3.2). In fact, one can see that the list of monodromies (3.2)
for m = n = 1 denes a set of vanishing cycles for a genus-2 surface by noticing that in
that case, all the matrices are elements of Sp(4;Z), namely
AtA =  ; BtiBi =  ; C
t
iCi =  ; (3.19)
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 =
0BBB@
0 1 0 0
 1 0 0 0
0 0 0 1
0 0  1 0
1CCCA ; (3.20)
and they are all conjugate to A in Sp(4;Z). Note that Sp(4;Z) = Aut(H1(2;Z)) and
from the surjective map
 : MCG(2)! Sp(4;Z) ; (3.21)
we see that each monodromy represents an element of the mapping class group MCG(2),
which is in fact a Dehn twist around a vanishing cycle of 2. In this case, by a theorem
of Humphries (see for example [24]), there is a minimum set of vanishing cycles such that
their induced Dehn twists generate all the mapping class group. For a genus-2 surface these
are shown in gure 1. Picking the basis (p; q; t; s), we see that the corresponding Sp(4;Z)
elements are
P = A =
0BBB@
1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1CCCA ; Q =
0BBB@
1 0 0 0
 1 1 0 0
0 0 1 0
0 0 0 1
1CCCA ; R =
0BBB@
1 1 0  1
0 1 0 0
0  1 1 1
0 0 0 1
1CCCA ; (3.22)
S =
0BBB@
1 0 0 0
0 1 0 0
0 0 1 0
0 0  1 1
1CCCA ; T =
0BBB@
1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1
1CCCA : (3.23)
A global model with trivial monodromy is obtained in this case from the known relation
H2 = 1 ; (3.24)
where H is an hyperelliptic involution, namely a  rotation of 2 around the horizontal
axis in gure 1. This is represented by the product
H = TSRQPPQRST : (3.25)
The relation with the A, Bi, Ci monodromies arises from the appropriate braid relations
and Hurwitz moves (see for example [9] for a review)
Bi = TiQP(TiQ)
 1 ; Ci = TiQ 1P(TiQ 1) 1 ; (3.26)
where
T1 =
0BBB@
1 0 0  1
0 1 0 0
0  1 1 0
0 0 0 1
1CCCA ; T2 = 1 ; T3 =
0BBB@
1 0 1 0
0 1 0 0
0 0 1 0
0  1 0 1
1CCCA ; T4 =
0BBB@
1 0 1  1
0 1 0 0
0  1 1 0
0  1 0 1
1CCCA : (3.27)
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4 SL(2;Z)  SL(2;Z) defects
The map between the T-duality group on a T 3 and the mapping class group of a T 4 can be
used to construct a geometric model for the class of non-geometric backgrounds introduced
in [2]. Such model is in fact obtained by lifting to M-theory the U-dual of the semi-at limit
of the latter solutions. The solutions of [2] are obtained by bering the complex and Kahler
moduli (; ) of a two-torus over a P1 base. If  is xed one recovers a semi-at description
of a K3 surface [25], while if also  varies one obtains a non-geometric modication of the
Calabi-Yau manifold. The metric of the non-trivial space-time directions is
ds2 = e'22dzdz +
2
2
jdx+ dyj2 (4.1)
where  = 1 + i2,  = 1 + i2 and ' are functions of z. At the generic smooth point
in the moduli space, a K3 surface is described by a torus bration with 24 singular points
of type I1. Locally these degenerations are described by compactied Taub-NUT spaces.
In order to obtain a T-fold X we need to replace 12 I1 degenerations with non-geometric
defects determined by a monodromy in . This corresponds to the factorizations
A8 (BC )
2 = 1 ; A8(BC)
2 = 1 (4.2)
where
A =
 
1 1
0 1
!
; B =
 
2 1
 1 0
!
; C =
 
0 1
 1 2
!
(4.3)
and the subscript refers to the two factors SL(2;Z)  SL(2;Z). It is slightly more useful
to use two generators of SL(2;Z): U = (A 1)T , V = A, that corresponds to Dehn twists
around the (0; 1) and (1; 0) cycles of the torus, respectively. The identity then simply
factorises as (UV)6 = 1. In order to switch to the ABC notation one uses the rules:
UVU = VUV and UVn = VTn with Tn+2Tn = BC. For example we have
(UV)6 = (VUV)4 = V8T6T5T3T1 = A
8(BC)2 : (4.4)
While the A monodromy should be associated with a NS5 brane [26], the U or B, C
monodromies involve a non-trivial action on the ber volume, and this corresponds to a
T-duality defect. The object with monodromy U is sometimes referred to as a 5
2
2 or Q
brane [8, 27, 28].
If we further compactify this setup on a spectator circle, we can apply the map between
O(3; 3;Z) and SL(4;Z) to construct a geometric dual model that involves a geometric T 4
bration, in analogy with the examples discussed in the previous section. By setting
a = b = 0 in (A.13), (A.15) we see that we obtain a global factorization
T 2  T 2 - Y
CP1 n fp1; : : : ; pMg;
?
(4.5)
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where the collections of  and  monodromies map to the data that species the bration
of the two T 2 factors and M = 12 + 12 = 24. We see that the four type of elementary
degenerations, corresponding to the type I1 singularities, NS5 and non-geometric branes
are mapped to the following SL(4;Z) elements:
V 7!
 
V 0
0 1
!
; U 7!
 
U 0
0 1
!
; V 7!
 
1 0
0 V
!
; U 7!
 
1 0
0 U
!
: (4.6)
As in the brations constructed in section 3, locally each degeneration is of type I1  T 2,
so the 5-branes are lifted to a Taub-NUT space. The global structure is however dierent.
In the former case for (m;n) = (0; 0) one of the T 2 factors was trivially bered and the
total space was simply Y = K3 T 2.
Note that so far we considered T-folds whose geometric description is a smooth man-
ifold Y. We could consider singular points in the moduli space obtained by coalescing I1
degenerations in Y. This corresponds to coalesce some of the  and  degenerations. If we
only collide  or  degenerations separately, the local description of the degeneration will
be that of an ADE singularity in an appropriate duality frame. In particular, according to
the Kodaira table, we can obtain all nite order elements in SL(2;Z):
II : UV ; III : UVU ; IV : (UV)2 ; I0 : (UV)
3 ; (4.7)
IV : (UV)4 ; III : (UV)4U ; II : (UV)5 ; (4.8)
as well as the parabolic elements Ik : V
k, Ik : (UV)
3Vk. More interesting examples can
be obtained by colliding a  and a  degeneration, similar to the examples in [9, 14]. For
example, one can consider a defect of type [III; III] dened as
[III; III] : UVUUVU : (4.9)
In Y, this corresponds to coalesce 6 I1 mutually non-local singularities. This is supercially
similar to the heterotic model studied in [14, 15], where a form of duality was found that,
for example, relates a defect of type [III; III] with a geometric defect of type I0. It would
be interesting to see if a similar result applies to the present models.
4.1 Quantum corrected metrics
Both in the example considered in this and the previous sections, all the local monodromies
around the duality defects are conjugate to a simple Dehn twist around one of the homology
cycle of the torus, and in fact all the degenerations in the geometric spaces Y are of type
I1  T 2. I1 is the simplest type of degeneration in the Kodaira list and corresponds to
pinching a cycle of the torus. This induces a monodromy that is a Dehn twist around the
vanishing cycle. In a geometric space with no ux, a monodromy factorization such as (3.3)
corresponds to a list of vanishing cycles for each degenerations. The situation is dierent
for the spaces X where the B-eld is non-trivial. The fact that all the monodromies are
conjugate to a Dehn twist just means that we can apply Busher rules in the semi-at
approximation to exchange the B-eld for a non-trivial twist in the metric. However, it is
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less clear how to extend such T-duality beyond the semi-at approximation. What in the
geometric description was a simple exchange of a vanishing cycle, is now a T-duality in the
full string theory, relating the I1 singularity with a 5-brane. In order to describe the local
setting, we can neglect the extra circle of the T 3 and just consider a T 2 bration on a disk
encircling the defect. We can take the monodromy of the torus to be, as in (4.3)
V =
 
1 1
0 1
!
; (4.10)
which acts as  !  + 1 on the complex structure of the torus. The semi-at local
metric is simply a foliation of the bundle (2.12) and it is given by (4.1) with  = 0 and
 = i2 log(=z). The exact metric can be found by compactifying a Taub-NUT space on
the (0; 1) cycle of the torus, and identifying the shrinking (1; 0) cycle with the special circle.
This results in the Ooguri-Vafa metric [29]
ds2 = H(dr2 + r2d2 + dx2) +
1
H
(dy + !)2 (4.11)
with
H =
1
2
log(=r) +
X
n 6=0
einxK0 (jnjr) ; (4.12)
where we set the radii to 1 and K0 is the modied Bessel function of the second kind. The
non-perturbative corrections in (4.12) localizes the shrinking cycle along the orthogonal
one and breaks one of the U(1)2 isometries of the semi-at metric. On the other hand, the
action of the monodromy V on the Kahler modulus, i.e. ! + 1 represents a defect that
should be identied with a NS5 brane [26, 30]. The exact metric clearly breaks both the
U(1)2 isometries of the semi-at solution. In fact after Poisson resummation the harmonic
function can be written as
H =
1
2
log(=r) +
1
2
X
kx;ky2Znf0g
K0(r)e
 ikxx ikyy ; (4.13)
with  =
q
k2x + k
2
y. Hence, by realizing  monodromies as geometric I1 singularities, we
are missing part of the modes that fully describe the exact metrics beyond the semi-at
approximation. Similarly, one can consider the non-geometric monodromies which are 
transformations in the duality group. For the T 2 example, this is just a monodromy U.
Lacking a worldsheet description of such object we do not know what is the exact form
of the corrected non-geometric solution. One can give the following argument, which is
essentially a semi-at version of [31].2 The monodromy V results in the non-conservation
of momentum along the ber directions. This is compensated by an inow of current
where there is a change in the kinetic terms of the zero modes for translations along the
ber directions (x ! x + x ; y ! y + y). Note that V does not act on the lattice
of windings for strings on the torus. On the other hand, the duality to a non-geometric
2See [32{34] for related discussions.
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monodromy U results in a trivial action on the lattice of momenta, but it leads to non-
conservation of the winding numbers (wx; wy). The eective dynamics should then involve
couplings between the winding modes and \dyonic" degrees of freedom whose kinetic term
is increased as the winding charge decreases by encircling the defect. This would result in
an expression for string winding elds that involves Fourier modes similar to (4.13), with
the dyonic modes identied with the dual of the zero modes (x ; y). This structure is not
visible in supergravity in the non-geometric duality frame, and it is presumably accessed by
correlation functions in the winding sector. We expect this argument to give a qualitatively
correct picture in a regime where the Bessel function in (4.13) is well approximated by
exponential decaying terms. Close to the origin, at least for a stack of defects, one should
recover the 5-branes linear dilaton throat.
It is interesting to note that a similar situation arises in the F-theory models of [11,
14, 15] that are dual to non-geometric background of the heterotic theory. In that case, if
one describes defects with monodromy in  and  by two elliptic brations
y2 = x3 + f (z)x+ g (z) ; y
2 = x3 + f(z)x+ g(z) ; (4.14)
with z a complex coordinate in the neighborhood of the degeneration, there exists a map
to a dual K3 bered Calabi-Yau threefold descending from an adiabatic bration of 8
dimensional heterotic/F-theory duality on a common base:
y2 = x3   3f (z)f(z)xu4 +  (z)(z)
16
u5   27
2
g (z)g(z) + u
7 ; (4.15)
where  = 4f3 + 27g2 is the discriminant of the Weierstra equations, and u is a complex
coordinate on a P1 base. Local models of Ik singularities, NS5 branes and non-geometric U
defects are all dualized to the same local geometric model since the map (4.15) is symmetric
in  and , as expected from T-duality. The discussion above implies a particular form of
corrections to the adiabatic approximation. It would be interesting to check this for NS5
branes, keeping track of their position on the ber through the duality.
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A The map from SL(4) to SO(3; 3)+
We construct the homomorphism of Lie groups
SL(4;R)! SO(3; 3;R)+ (A.1)
which is a double cover, implying SL(4;R) = Spin(3; 3;R). We rst pick a basis
R4 = he1; : : : ; e4i (A.2)
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which induces a basis of 2R4 given by
fe23; e13; e12; e14; e24; e34g; (A.3)
where eij = ei ^ ej . We dene the scalar product on 2R4 by
hx; yie1 ^ : : : ^ e4 = x ^ y; (A.4)
for x; y 2 2R4. Now let A 2 SL(4;R) act on R4 by left multiplication. We view elements
of R4 as column vectors. Then there is an induced action of SL(4;R) on 2R4 given by
A  (ei ^ ej) = (Aei) ^ (Aej): (A.5)
Because of the well-known identity
(Ae1) ^ (Ae2) ^ (Ae3) ^ (Ae4) = Det(A)e1 ^ : : : ^ e4 = e1 ^ : : : ^ e4; (A.6)
this action leaves the scalar product on 2R4 invariant. We therefore expand
A  eij =
X
kl
Bij;klekl; (A.7)
and obtain a 6  6 matrix B, which acts on 2R4 by left multiplication where we view
elements of 2R4 as column vectors with respect to the basis above. By construction this
matrix leaves the scalar product invariant. But explicitly we calculate
he14; e23i = 1 he24; e13i = 1 he34; e12i = 1; (A.8)
with all other combinations of basis vectors having vanishing scalar product. In matrix
form the scalar product is given by
 =
0BBBBBBB@
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1CCCCCCCA
: (A.9)
As mentioned above by construction
BT B = ; (A.10)
thus B 2 SO(3; 3;R). Now one checks explicitly that 
R
1
!
2 SL(4;R) ; (A.11)
with R 2 SL(3;R) is mapped to the dieomorphism 
(R 1)T 0
0 R
!
2 O(3; 3;R) : (A.12)
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The element 0BBB@
1 0 0 a
0 1 0 b
0 0 1 c
0 0 0 1
1CCCA (A.13)
maps to  
1 !
0 1
!
; (A.14)
with
! =
0B@ 0 c  b c 0 a
b  a 0
1CA ; (A.15)
which is a gauge transformation for the B-eld. Similarly,0BBB@
1 0 0 0
0 1 0 0
0 0 1 0
a b c 1
1CCCA (A.16)
is mapped to a -transformation  
1 0
 ! 1
!
: (A.17)
B SYZ brations
The extension of our results to the case of a three dimensional base, e.g. S3 are challenging
since in this case both local and global aspects are much less understood, even for the
geometric case of SYZ brations. Some non-geometric generalizations corresponding to
asymmetric orbifold points have been considered in [4]. A possibility is that the local
structure around the discriminant locus of a T 3 brations is modied to account for non-
geometric monodromies. Remember that the quintic viewed as the total space of a T 3
bration has discriminant locus a trivalent graph   embedded in S3 (see for instance [36]
for a review). The monodromy around the edges of   is in the same conjugacy class of the
matrices in (2.11) and the monodromies around a vertex have the following representatives
(see gure 2):
 Positive vertex
T1+ =
0B@1 0 10 1 0
0 0 1
1CA ; T2+ =
0B@1 0 00 1 1
0 0 1
1CA ; T3+ = T 12+ T 11+ =
0B@1 0  10 1  1
0 0 1
1CA ; (B.1)
 Negative vertex
T1  =
0B@1 0 10 1 0
0 0 1
1CA ; T2  =
0B@1 1 00 1 0
0 0 1
1CA ; T3  = T 12  T 11  =
0B@1  1  10 1 0
0 0 1
1CA : (B.2)
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Figure 2. Monodromies around a vertex.
Since all the monodromies are conjugate to the ones in (2.11), it might be possible to
extend the conjugacy class in the duality group, and use the more general monodromies in
O(3; 3;Z) of section (3.2). As a rst step in this direction, one would like to understand the
analogous of the semi-at metric (4.1) for T 3. We will adapt an approach that was used
in [6] to study non-perturbative defects with monodromies in the U-duality group SL(3;Z).
Identifying the duality group with the group of large dieomorphisms of a T 3 this leads to
the study of T 3 bered CY three-folds. One start with the following semi-at ansatz
ds2 = e21dx21 + e
22dx22 + e
23dx33 +Gijdy
idyj ; G = V TV (B.3)
with V given by
V = e 
21+2
3
0B@ 1 a b0 e 1 e 1c
0 0 e 1 2
1CA : (B.4)
All the scalars (B.3) are functions of the R3 base coordinates xi. We indicate by yi the
coordinates on the T 3. The prescription of [6] is to pick a complex structure by pairing base
and ber coordinates as follows. We use the dierential forms dzi = eidxi + iijVjkdy
k,
explicitly:
dz1 = e1dx1 + ie
1
3
(21+2)(dy1 + a dy2 + b dy3) ;
dz2 = e2dx2 + ie
1
3
( 1+2)(dy2 + c dy3) ;
dz3 = e3dx3 + ie
  1
3
(1+22)(dy3) ;
(B.5)
and we write
J = eiVijdx
i ^ dyj ; 
 = idz1 ^ dz2 ^ dz3 : (B.6)
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We then see that requiring d
 = dJ = 0 is equivalent to the following system of 15 PDEs
for the metric moduli:
@1a = e
 1+1 2@2(1   3) ; @2a = 2e 1 1+2@12 ;
@3a = 0 ;
@1b =  2e 1 2+1 3@31 + c@1a ; @2b = c@2a ;
@3b = 2e
 1 2 1+3@13 ;
@1c = 0 ; @2c =  2e 2+2 3@32 ;
@3c = 2e
 2 2+3@23 ;
@21 =  1
3
@2(21 + 2) ; @31 =  1
3
@3(21 + 2) ;
@12 =
1
3
@1( 1 + 2) ; @32 = 1
3
@3(1   2) ;
@13 =
1
3
@1( 1   22) ; @23 =  1
3
@2(1 + 22) :
(B.7)
By setting for instance b = c = 0 we can describe the embedding of a T 2 with complex
structure  = a + ie 1 , and this should be relevant for the monodromy (2.11). In this
limit the elds do not depend on x3, and 3 is a constant. If we take 1 = 2 we then get,
xing an integration constant:
1 = 2 = 2 =  1=2 ; @1a =  @2e 1 ; @2a = @1e 1 ; (B.8)
the last two equations giving the Cauchy-Riemann equation for  = a+ie 1 with complex
coordinate z = x1 + ix2. The metric (B.3) takes the form
ds2 = dx23 + dy
2
3 + e
 1dzdz +Gijdyidyj ; i; j = 1; 2 ; (B.9)
with
G = e1
 
1 a
a e 21 + a2
!
: (B.10)
This is the semi-at metric (4.1), with  = 0, where the conformal factor ' has been set
to zero. This reproduces the leading order Ooguri-Vafa metric (4.11) for which
 =
i
2
log

z

; e' = 1 : (B.11)
The monodromy is  !  + 1, corresponding to action of the matrix V in (4.10) on
 . However, we cannot embed a solution for the general conjugacy class of V, which is
parametrized by integers (p; q), since in general this requires a non-zero '. By including
the  modulus, one encounter the same situation. The semi-at approximation of the NS5
brane has  = i=(2) log(=z) and e' = 1. The solution for the non-geometric defect with
monodromy U is given instead by
 =
2i
log
 
z
 ; e' = i log 
z

: (B.12)
So while we can obtain the correct metric on the ber, some more work is needed to
write fully non-geometric solutions using this approach. We defer a detailed analysis to
future work.
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